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Abstract. An even cycle decomposition of a graph G is a partition of E(G) 
into cycles of even length. Evidently, every Eulerian bipartite graph has an 
even cycle decomposition. Seymour [circuits in planar graphs. J. Combin. 
Theory Ser. B, 31(3):327-338, 1981] proved that every 2-connected loopless 
Eulerian planar graph with an even number of edges also admits an even 
cycle decomposition. Later, Zhang [On even circuit decompositions of Eulerian 
graphs. J. Graph Theory, 18(l):51-57, 1994] generalized this to graphs with 
no A"5-minor. In this paper we propose a conjecture involving signed graphs 
which contains all of these results. Our main result is a weakened form of this 
conjecture. Namely, we prove that every 2-connected loopless Eulerian odd- 
A'4-minor free signed graph with an even number of odd edges has an even 
cycle decomposition. 



1. Introduction 

A graph G is even cycle decomposable if the edge set of G can be partitioned 
into even length cycles. Note that if G is even cycle decomposable, then necessarily 
G is Eulerian, loopless, and |-E(G)| is even. For bipartite graphs, these conditions 
are obviously also sufficient, since every cycle is even. 

Proposition 1.1 (Euler). Every Eulerian bipartite graph is even cycle 
decomposable. 

Notice that all Eulerian bipartite graphs have an even number of edges and no 
loops. 

Another class of graphs where the obvious necessary conditions are also sufficient 
are planar graphs. This was proven by Seymour [6]. 

Theorem 1.2 (Seymour [B]). Every 2-connected Eulerian loopless planar graph 
with an even number of edges is even cycle decomposable. 

Note that the 2-connected condition is with little loss of generality, since a 
graph G is even cycle decomposable if and only if each block of G is even cycle 
decomposable. 

Later, Zhang |9| generalized Theorem II .21 to graphs with no K^-minor. 

Theorem 1.3 (Zhang 9 ). Every 2-connected Eulerian loopless K^-minor free 
graph with an even number of edges is even cycle decomposable. 
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For surveys on even cycle decomposable graphs and related results we refer 
the reader to Jackson [4] or Fleischner [2 . In this paper, we propose the 
following conjecture, which contains both the i^-minor free and bipartite examples 
(definitions are deferred until the next section). 

Conjecture 1.4. Every 2-connected Eulerian loopless odd-K^-minor free signed 
graph with an even number of odd edges is even cycle decomposable. 

Unfortunately, we are unable to prove Conjecture 11.41 Instead we prove the 
following weakened version. 

Theorem 1.5. Every 2-connected Eulerian loopless odd-K^-minor free signed graph 
with an even number of odd edges is even cycle decomposable. 

A potentially useful inductive tool is the following nice theorem of Conlon pQ . 

Theorem 1.6 (Conlon [1J). Let G be a simple 3-connected graph of minimum 
degree 4. If G is not isomorphic to K§, then G contains an even cycle C such that 
G \ E(C) is 2-connected. 

Unfortunately the hypotheses in Theorem 11.61 are much too strong for our 
purposes. Instead, our result relies on a structural description of the signed graphs 
with no odd ^-minor. According to Gerards [3 , this structure theorem was first 
stated by Lovasz, Seymour, Schrijver, and Truemper. The proof of the structure 
theorem makes use of the regular matroid decomposition theorem of Seymour [5]. 
It is also a special instance of a decomposition theorem for binary matroids with 
no F 7 -minor using a fixed element due to Truemper and Tseng [7J [8] (F? denotes 
the Fano matroid). 

The rest of the paper is organized as follows. In Section [2j we define signed 
graphs and signed minors. In Section [3l we present the structure theorem for 
signed graphs with no odd-iQ-minor. In Section |4] and Section [5] we prove our 
main theorem for two special classes of signed graphs. Finally, in Section [6j we 
prove our main theorem. 

2. Signed graphs, re-signing, and odd minors 

A signed graph is a pair (G, E) consisting of a graph G together with a signature 
E C E(G). The edges in E are odd and the other edges are even. A cycle (or path) 
is even if it contains an even number of odd edges; otherwise it is odd. We overload 
terminology and say that a signed graph (G, E) is even cycle decomposable, if E(G) 
can be partitioned into even cycles of (G, E). 

For X C V(G), we let Sg(X) be the set of edges with exactly one end in X. 
We say that Sg{X) is the cut induced by X. Two signatures Ei,E 2 C E{G) arc 
equivalent if their symmetric difference is a cut. The operation of changing to an 
equivalent signature is called re-signing. A key observation is that if Ei, E 2 C E(G) 
are equivalent signatures, then (G, Ei) and (G, E 2 ) have exactly the same set 
of even cycles. Thus, for equivalent signatures Ei and E 2 , (G, Ei) is even cycle 
decomposable if and only if (G, S 2 ) is even cycle decomposable. 

We will require the following well-known lemma, which is easily proved by 
induction. 

Lemma 2.1. Let (G, E) be a signed graph. For any F C E{G) which does not 
contain a cycle, there exists a signature which is disjoint from F and equivalent to 
E. 
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A minor of a signed graph (G, E) is a signed graph that can be obtained from 
(G, E) by any of the following operations: re-signing, deleting edges or vertices, and 
contracting even edges. For a graph H, odd-H is the signed graph (H, E(H)). A 
signed graph is odd-H -minor free if it has no minor that is isomorphic to an odd-H. 

Now that our terms have been defined, we restate our main theorem. 

Theorem 2.2. Every 2- connected Eulerian loopless odd-K^-minor free signed graph 
with an even number of odd edges is even cycle decomposable. 

Observe that a graph G is even cycle decomposable if and only if the signed 
graph (G,E(G)) is even cycle decomposable. For a bipartite graph G, the signed 
graph (G,E(G)) contains no odd-i^-minor. Thus, Conjecture 11.41 indeed implies 
Proposition ll.il On the other hand, if a signed graph (G, E) contains an odd H- 
minor, then evidently G contains an iJ-minor. Thus, Conjecture 11.41 also implies 
Theorem 11.31 

3. Structure theorem for signed graphs with no odd-X 4 -minor 

In this section we describe the structure of signed graphs with no odd-i^-minor. 
We begin by describing the basic building blocks in the decomposition theorem. 

Almost bipartite. A signed graph is bipartite if it contains no odd cycles. Note 
that Lemma |2 . 1 1 easily implies the following alternate definition of bipartite signed 
graphs. 

Lemma 3.1. A signed graph is bipartite if and only if we can re-sign so that all 
its edges are even. 

Since re-signing an Eulerian signed graph (G, E) does not change the parity 
of |E|, it follows that bipartite Eulerian signed graphs always contain an even 
number of odd edges. We say that a (signed) graph is almost bipartite if there 
exists a vertex whose deletion yields a bipartite (signed) graph. Since bipartite 
signed graphs have no odd-if 3-minors, it follows that almost bipartite signed graphs 
have no odd-JQ-minors. 

Planar with two odd faces. A signed graph (G, E) is planar if the underlying 
graph G is planar. A face F of a planar embedding of (G, E) is even if the facial 
walk corresponding to F contains an even number of odd edges, otherwise F is 
odd. We say that (G, E) is planar with at most two odd faces if (G, E) has a 
planar embedding with at most two odd faces. Notice that if every face of a planar 
embedding of (G, E) is even, then (G, E) is bipartite. 

Observe that the property of planar with at most two odd faces is preserved 
under taking minors and that odd-iQ does not have this property. Therefore, 
signed graphs that are planar with at most two odd faces do not have odd-i^- 
minors. 

The signed graph K\. We define K% to be the signed graph (G, E) where G is 
a triangle with doubled edges and E is a triangle (see Figure [lj . Evidently, K\ 
has no odd-i^-minor, but it is not almost bipartite nor planar with two odd faces. 
Two more small signed graphs that turn up in our proofs are K\ (two vertices 
connected by an even and an odd edge) and K\ ■ K\ (two K^'s joined at a vertex). 
See Figure Q] for pictures of K$,K% ■ K%, and K\. 
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FIGURE 1. The signed graphs Kf (left), K\-K\ (middle), and K\ 
(right). (Solid lines denote odd edges.) 

These turn out to be essentially the only signed graphs with no odd-if4-minor. 
To define what we mean by 'essentially', we introduce the notion of separations. 
A separation of a signed graph (G, E) is a pair (Gi,G2) where Gi and G2 are 
edge-disjoint subgraphs of G, such that Gi U G2 = G. The boundary of (Gi, G2) is 
V(G 1 )nV{G 2 ), and its order is \V(G 1 )nV{G 2 )\. We say that (Gi,G 2 ) is a proper 
separation if both V(G\) \ V(G2) and V{G2) \ V(G\) are non-empty. A separation 
of order k is called a k-separation. 

We can now state the structure theorem. 

Theorem 3.2 (Lovasz, Seymour, Schrijver, and Truemper in Gerards [3j Theorem 
3.2.4]). Let (G, E) be a signed graph with no odd-K^-minor. Then at least one of 
the following holds. 

(i) (G, E) is almost bipartite, planar with two odd faces, or isomorphic to K%. 
(ii) (G, E) is not 2- connected. 

(Hi) (G, E) has a 2-separation (G\,G2) where each (Gi, E(Gi) D E) is connected 

and not a signed subgraph of K f . 
(iv) (G, E) has a 3 -separation (G\,G2) where (G2, E(G2) (1 E) is bipartite, 

connected, and has at least 4 edges. 

4. When a signed graph is almost bipartite 

We begin by proving our theorem for almost bipartite signed graphs. We require 
the following lemma. 

Lemma 4.1. If G is a connected graph and X is a set of 2k vertices of G, then 
there is a collection of k pairwise edge-disjoint paths in G whose set of ends is 
precisely X . 

Proof. Let (G, X) be a counterexample with |i?(G)| minimum. Note that G must 
be a tree, since every spanning tree of G is also a counterexample. Next, observe 
that each leaf of G is in X, otherwise deleting such a leaf contradicts minimality. Let 
I be a leaf and let w be the unique neighbour of I. If w e X, then (T — I, X \ {I, w}) 
is a smaller counterexample since we can link I and w via the edge Iw. On the 
other hand, if w £ X, then contracting the edge Iw (and replacing I in X by the 
contracted vertex) yields a smaller counterexample. □ 

For a signed graph (H, E) define Q(H,H) to be the graph obtained from H by 
subdividing every even edge once. Note that (H, E) is even cycle decomposable if 
and only if Q(H, E) is even cycle decomposable. 

Proposition 4.2. Every 2-connected Eulerian loopless almost bipartite signed 
graph with an even number of odd edges is even cycle decomposable. 
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Proof. Let (H, E) be a 2-connected Eulerian loopless almost bipartite signed graph 
with an even number of odd edges. By replacing (H, S) with G(H, £), it suffices to 
show that every 2-connected Eulerian loopless almost bipartite graph with an even 
number of edges is even cycle decomposable. Let G be such a graph and let v be 
a vertex of G such that G — v is bipartite. We may assume that there are at most 
two parallel edges between every pair of vertices, else we can remove a 2-cycle and 
apply induction. 

Let (A, B) be a bipartition of G — v. Let X be the set of neighbours of v in A 
and partition X as X\ U X2 , where x £ Xi if and only if there are i edges between 
x and v. Then \Xi\ is even because 



Now, since G is 2-connected, the graph G — v is connected. Therefore, by 
Lemma T4.1l there is a collection V of |-Xi|/2 pairwise edge-disjoint paths in G — v 
whose set of ends is precisely X\ . Note that each path P £ V has even length since 
G — v is bipartite. Thus we may combine the paths in V with edges between v and 
X\ to obtain a family C\ of |Xi|/2 pairwise edge-disjoint even cycles. Evidently, 
the edges between v and X2 can be partitioned into a family C2 of 2-cycles. Let £ 
be the set of edges in C\ U C2 . Observe that the graph G — £ is bipartite since in 
G — £ , the vertex v is only adjacent to vertices in B. Hence, G — £ is even cycle 
decomposable and we are done. □ 

5. When a signed graph has a planar embedding with two odd faces 

We now prove that planar signed graphs with two odd faces are even cycle 
decomposable. Note that this follows from Theorem If .21 but we give a short proof 
in order to keep our main theorem self-contained. 

Proposition 5.1. Every 2-connected Eulerian loopless planar signed graph with an 
even number of odd edges and exactly two odd faces is even cycle decomposable. 

Proof. Let (H, S) be a 2-connected Eulerian loopless planar signed graph with an 
even number of odd edges and exactly two odd faces. By passing to G(H, £), it 
suffices to show that every 2-connected Eulerian loopless planar graph with an even 
number of edges and exactly two odd length faces is even cycle decomposable. Let 
G be such a graph and let F% and F2 be the two odd length faces of G. Since G is 
Eulerian, the dual graph G* of G is bipartite. Let (A, B) be a bipartition of V(G*). 
Since G (and hence also G*) has an even number of edges, F% and F2 must be on 
the same side of the bipartition, say F\,F2 £ A. Since B is both an independent 
set and a vertex cover of G* , the faces in G corresponding to the vertices in B form 
an even cycle decomposition of G. □ 



In this section we prove our main result. We start with a simple parity lemma. 
Lemma 6.1. Let G be an Eulerian graph and let (Gi,G2) be a separation. Then 



\E(G)\ - ^deg G ( U ) + 2|X 2 | + |X 1 



WEB 



6. Proof of the main result 



E deg G »=0 (mod 2). 



v£V(G 1 )r\V(G 2 ) 



v£V(G 1 )nV(G 2 ) 
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Bl 



B 2 / '*. B n 



Figure 2. Necklace decomposition. 

Proof. Observe that 

£ deg G (v)= 2\E(G 1 )\+ de S G »- 

ueV(Gi) vGV(G 1 )nV(G 2 ) 

The lemma then follows easily from the above equation. □ 

A 2-separation (Gi, G2) of an Eulerian graph G is called odd if deg Gi (v) is odd 
for a vertex v on the boundary of (Gi,G2). By Lemma 16.11 the choice of v is 
independent in the definition of an odd 2-separation. We call a 2-separation even 
if it is not odd. Our next lemma asserts that 2-connected Eulerian graphs with 
at least one even 2-separation can be decomposed into a 'necklace structure' of 
Eulerian subgraphs. 

Lemma 6.2. Let G be a 2-connected Eulerian loopless graph having an even 2- 
separation (Gi,G2) such that G\ and G2 are connected. Then there exist pairwise 
edge-disjoint connected Eulerian subgraphs B\, B2, ■ B n of G with n > 2 
satisfying the following. 

(i) UUEm = E(G). 

(ii) For each i, either Bi is 2-connected or Bi has two vertices. 
(Hi) If n = 2, then (B\,B2) is a 2-separation of G. 

(iv) If n > 3, then for all 1 < i < j < n, 



ifi—j = ±l (mod n), 
otherwise. 



\V(B i )nV(B j )\ = . 
(v) There exists k such that B\ U B2 U •• ■ Bk = G\ and Bk+i U ■ • • U B n = Gi 



Proof. We choose pairwise edge-disjoint connected Eulerian subgraphs B±, B2, ■ ■ ., 
B n with n > 2 satisfying (i), (hi), (iv), and (v) so that n is maximized. Such 
a choice must exist because the sequence G\, G2 satisfies (i), (iii), (iv), and (v). 
Let B n +i = B\ and Bo — B n . Note that |T^(i?i)| > 1 because otherwise either 
V{Bi-x) n V(B i+ i) ^ when n > 2 or \V(Bi) n V(B 2 )\ < 1 when n = 2. 
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Suppose that (ii) is false. By symmetry, we may assume that |V(Bi)| > 3 and 
B\ has a 1-separation (Pi, F 2 ) such that both F± and F2 have at least two vertices. 
Let v be the vertex on the boundary of (Pi, F2). 

Suppose that n = 2. Since v is not a cut vertex of G, v £ V(B±) D V{B%) and 
\V(B 2 ) n V(Fi)\ = \V(B 2 ) n V(F 2 )\ = 1. Since B x is an Eulerian subgraph, both 
Fi and F 2 are Eulerian. Then a sequence Fx, F 2 , B 2 satisfies (i), (iii), (iv), and (v) 
and therefore it contradicts our assumption that n is maximum. 

Thus n > 2. If F 2 meets both B n and B 2 , then v is a cut vertex of G, 
contradicting the assumption that G is 2-connected. Thus F 2 meets at most one 
of B n and B 2 . Similarly Fx meets at most one of B n and B 2 . Since each Bi is 
Eulerian, (Fi,F 2 U (J™= 2 Bi) ^ s an even 2-separation and therefore Fx is Eulerian. 
Similarly F 2 is Eulerian because (F 2 ,Fi U U™=2 -^») ^ s an even 2-separation. 

We may assume that Fx meets B n and P2 meets B 2 . Then we consider a sequence 
Pi, P2, B2, ■ • •) B n of edge-disjoint connected Eulerian subgraphs satisfying (i), (iii), 
(iv), and (v). This contradicts the assumption that n is chosen to be maximum. □ 

We call any Bx, . . . , B n given by Lemma 16.21 a necklace decomposition of (G, £) 
(See Figure^]). Each Bi is called a bead of the necklace decomposition. 

We now proceed to prove a sequence of lemmas concerning a counterexample 
(G, £) to our main result with |P(G)| minimum. 

Lemma 6.3. A minimum counterexample (G, E) cannot have an odd 2-separation 
(Gx,G 2 ) where each (Gi, E(Gi) fl£) is connected and not a signed subgraph of K 2 . 

Proof. Suppose that (G, £) has an odd 2-separation (Gi,G2) such that each 
{Gi, E{Gi) fl E) is connected and not a signed subgraph of Pf . Let u and v be the 
vertices on the boundary of (Gi,G2). By assumption, deg Gl (u) and deg Gl (v) are 
odd. 

We first handle the subcase that one of the {G l ,E{G i ) n E), say (G 2 , E(G 2 ) HE) 
is bipartite. In this case, by Lemma 13. H we may assume that all edges in G2 are 
even and thus E C E{G\). Let (G[, E) be the signed graph obtained from (Gi, E) 
by adding an even edge between u and v. Note that G\ is 2-connected since G is 
2-connected. Moreover, (G' 1; E) is a proper minor of (G, E) since there is an even 
path between u and v in (G 2 , 0). (Note that every path in (G2, 0) is even because 
no edge is odd.) By assumption, (G' l7 E) is not a counterexample and therefore 
(G'x, E) has an even cycle decomposition. It follows that E(G\) can be decomposed 
as Cx U {Pi}, where Cx is a family of even cycles and Px is an even path between u 
and v. Since (G2, 0) has no odd edges, and u and v are the only odd degree vertices 
in G 2 , we can decompose E(G 2 ) as C 2 U {P 2 } where C 2 is a family of even cycles, 
and P 2 is an even path between u and v. Therefore Cx U C 2 U {Pi U P2} is an even 
cycle decomposition of (G, E). 

The other subcase is if neither (G l5 E(Gx) <~] E) nor (G 2 ,E(G 2 ) ("1 E) is bipartite. 
Let (G-, Ej) be the signed graph obtained from (Gi, E{Gi) n E) by adding an even 
edge between u and v if |£nJ3(Gj)| is even, and adding an odd edge between u and 
uif |£nPJ(Gi)| is odd. Since (G 1 ,E(G 1 )nE) and (G 2 ,P(G 2 )n£) are non-bipartite 
and G is 2-connected, by Menger's theorem we can find two vertex-disjoint paths 
from u and v to an odd cycle in (Gj,PJ(Gj)nE) for each i £ {1, 2}. Therefore, both 
(G'x, Ei) and (G 2 , £2) are proper minors of (G, E). By the minimality assumption, 
E(d) can be decomposed into Cj U {Pi} where d is a family of even cycles and Pi 
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Figure 3. K\ ■ K\ ■ K\. (Solid lines denote odd edges.) 



u 



\Bi\ 




v 



Figure 4. A Bermuda triangle. (Solid lines denote odd edges.) 



is a path between u and v. Again, C\ UC2 U{Pi UP2} is an even cycle decomposition 



We call a signed subgraph (H, T) of (G, E) an albatross if (H, T) = K\ ■ K\ (see 
Figure [lj and the degree-4 vertex in H also has degree 4 in G. 

Lemma 6.4. In a minimum counterexample (G, £), all albatrosses are edge- 
disjoint. Moreover, if G has maximum degree 4 7 then all albatrosses are vertex- 
disjoint. 

Proof. Towards a contradiction, let (£/i,Ei) and (-£^,£2) be distinct albatrosses 
of (G, E) that are not edge-disjoint. Since G is 2-connected, it is not possible that 
(H 1 Ufl 2 ,IliUS2) =Kl (see Figure [J). Thus {H 1 UH 2 , Ei UE 2 ) ^K^-K^-K^ (see 
Figure |3]) and Hi UH2 attaches to the rest of G at the degree-2 vertices of H\\JH2- 
Let (G', E') be the signed graph obtained from (G, £) by replacing (H1UH2, E1US2) 
with a single K\. Note that (G',S') is a 2-connected proper minor of (G, S). By 
the minimality assumption, we have that (G', £') has an even cycle decomposition 
C, which we can lift to an even cycle decomposition C of (G, £). The second part 
of the lemma follows in the same way. □ 

We call (G, S) a Bermuda triangle if all necklace decompositions . . . , -B ra of 
(G, E) satisfy n = 3 with two (Bi,E(Bi) fl E) isomorphic to , see Figure |U Note 
that every Bermuda triangle contains an albatross. 

Lemma 6.5. A minimum counterexample (G, E) cannot have an even 2-separation 
(Gi,G2) such that each (Gi, E(Gi) (~l E) is connected and not isomorphic to i*Tf> 
unless (G, E) is a Bermuda triangle. 

Proof. Suppose that (G, E) has an even 2-separation (Gi,G2) such that each 
(Gi,E(Gi) n E) is connected and not isomorphic to K\ and that (G, E) is not a 
Bermuda triangle. By Lemma HT2| (G, E) has a necklace decomposition Bi, . . . , B n . 
If each bead Bi contains an even number of odd edges, we contradict the fact that 
(G, E) is a minimum counterexample. Therefore, there are at least two beads with 
an odd number of odd edges. Call such a bead an odd bead. Moreover, since (G, E) 
is not a Bermuda triangle, we may assume that n 7^ 3 or n = 3 and at most one 
(Bi, E(Bi) HE) = K\. It follows that we may choose an even 2-separation (Hi,H 2 ) 



of (G, E). 



□ 
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of (G, E) such that both (H 1: £(#1) nE) and (H 2 ,E(H 2 )nZ) contain an odd bead 
and are not isomorphic to K 2 . This also implies that \E(Hi)\, \E{H2)\ > 2 because 
odd beads that are not isomorphic to K 2 contain at least three edges. 

Let x and y be the vertices on the boundary of (Hi,H 2 ). We first handle the 
subcase that H\ and H 2 contain an odd number of odd edges. In this case we define 
(H-, Si) to be the signed graph obtained from (Hi, E(Hi) n E) by adding an even 
edge and an odd edge between x and y. Since each Hi contains an odd bead, there 
exist an odd x-y-path and an even x-y-path in (Hi, E(Hi) n E). Therefore, (H[, Ej) 
is odd-AVminor free and 2-connected. By the minimality assumption, E(Hf) can 
be decomposed as Ci U {E{\ U {Oi}, where Ci is a family of even cycles, Ei is an 
even x-y-path and Oi is an odd x-y-path. But then C\ U C 2 U {£1 U E 2 } U {Oi U O2} 
is an even cycle decomposition of (G, E). 

The other remaining subcase is when (H\,E(Hi) H E) and (H 2 ,E(H 2 ) n E) 
contain an even number of odd edges. In this case we let (H[,T,i) be the graph 
obtained from (ifj, E(Hi) n E) by adding two even edges between a; and y. Again 
note that (iJ 4 ',Ei) is 2-connected and odd-i^-minor free. By the minimality 
assumption, (i??, E») is even cycle decomposable. Moreover, since (Hi, E(Hi) n E) 
is not even cycle decomposable (by virtue of containing an odd bead), the even 
2-cycle formed by the two newly added edges cannot be used as a cycle in the 
decomposition. Therefore, E(Hi) can be decomposed as Ci U {E^i, E^} where 
Ci is a family of even cycles and £j,i and £^2 are even x-y-paths. But then 
C\ U C 2 U {£1,1 U £2,1, £1,2 U £2,2} is an even cycle decomposition of (G, E). □ 

Lemma 6.6. A minimum counterexample (G, E) cannot contain two parallel edges 
of the same sign. 

Proof. Let G2 be a connected subgraph of G having exactly two parallel edges of 
the same sign. Let Gi = G \ E(G 2 ). Since G is 2-connected, Gi is connected. By 
Lemma 16. 2\ there is a necklace decomposition B\,B 2 , . . . ,B n extending the even 
2-separation (G\, G 2 ). We may assume that B n = G2. Since |E| is even, Gi is not 
isomorphic to £f|. Lemma 16.51 implies that G is a Bermuda triangle and therefore 
n = 3 and B\, B 2 are isomorphic to £T|. But then, (G, E) is easily seen to be 
decomposable into two even 3-cycles. □ 

We say that a signed graph (G, E) is almost 3-connected if for all proper 2- 
separations (Gi,G 2 ) of G, (G 1 ,E(G 1 ) n E) or (G 2 ,E(G 2 ) n E) is isomorphic to 

a" 2 2 -£: 2 2 . 

Lemma 6.7. A minimum counterexample (G, E) is almost 3-connected. 

Proof. Let (Gi,G 2 ) be a proper 2-separation of G. Since G is 2-connected, 
|£(Gi)|, |£(G 2 )| > 2 and G u G 2 are connected. By Lemma EH (Gi,G 2 ) must 
be an even 2-separation. By Lemma [6.51 G is a Bermuda triangle. Let B\,B 2 ,B^ 
be a necklace decomposition of G extending (G\, G 2 ) given by Lemma ROl We may 
assume that B\, B 2 are isomorphic to £ff and G\ = B\\J B 2 . This implies that 
(G?i, E(Gx) n E) is isomorphic to K% ■ K%. □ 

Lemma 6.8. A minimum counterexample (G, E) cannot have a 3-separation 
(G±,G 2 ), where (G 2 ,E(G 2 ) n E) is bipartite, connected, and has at least 4 edges. 

Proof. Choose such a 3-separation (G\, G 2 ) with |£(G2)| minimum. By Lemma l3~T| 
we may assume that all edges in (G 2 ,E(G 2 ) fl E) are even and so E C E(G\). In 
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particular, all paths contained in G2 are even and furthermore iff • iff is not a 
signed subgraph of (6*2,0). Let x, y and z be the vertices on the boundary of 
(Gi,G 2 ). 

We first prove that G2 is 2-connected. Suppose not and let (Hi, H2) be a proper 

1- separation of G2 with V(Hi) n V(H2) — {w}. If w S {x, y, z} then i?i and H% 
both induce 2-separations in G. Since (G, E) is almost 3-connected and contains 
no parallel edges of the same sign, it follows that Hi and H2 are each just a single 
edge. This contradicts \E(G2)\ > 4. Thus, it) ^ {x, j/, z} and we may assume 
V(Hi) fl z} = {a;}. Thus, i?i induces a 2-separation in G and must just be 
the single edge xw. Hence G2 \ x induces a 3-separation in G. This contradicts the 
minimality of G2 unless, G2 \ x has exactly three edges. This is impossible since 
every vertex of G has degree at least 4 by Lemma 16.71 and G has no parallel edges 
of the same sign by Lemma [6761 Therefore, G2 is 2-connected as claimed. 

Now by Lemma |6. 11 

deg Gl (x) + deg Gi (y) + deg Gi (z) = (mod 2) . 

There are two possibilities to consider: either two of x, y, and z have odd degree in 
Gi or none of x, y, and z have odd degree in Gi. 

We handle the former possibility first. By symmetry, suppose that deg Gi (x) 
and deg Gl (y) are odd. Let G\ be the graph obtained from Gi by adding an 
edge e between z and y and an edge / between z and x. We claim that G e {^ is 

2- connected. Suppose not and let (Hi,H 2 ) be a proper 1-separation of G e {* , with 
V(H{) n V(H 2 ) = {w}. Note that {x, y, z} cannot be a subset of V(Hi), else w is 
a cut-vertex of G. Now, if z S V(Hi) \ {w}, then {x,y} C V^(i?j), since za; and 
zy are edges of G^, a contradiction. Hence u> = z. By symmetry we may assume 
x G V^(iii) and y € V(H2). Thus, Hi\f and H%\e induce 2-separations in G, 
with boundary vertices {x, z} and {y, z} respectively. Each of these 2-separations 
is odd since deg Hl \ f (x) = deg Gl (x) and deg H2 \ e (y) = deg Gl (y). By LemmaES! 
Hi\f and H2 \ e are each just a single edge. But now, deleting z from (G, E) yields 
a bipartite signed graph, contradicting Proposition 14.21 Thus, G^ is 2-connected 
as claimed. 

Since G2 is also 2-connected, there are two internally disjoint paths Pi and P2 
in G 2 from {z} to {x,y}. Let ff := Gi U S(Pi) U E(P 2 ). Observe that H is 2- 
connected since it is a subdivision of G^ . Evidently, H is Eulerian and contains an 
even number of odd edges since Eni?(G2) = 0. Moreover, Pi LiP 2 ^ G2 since G has 
minimum degree 4 by Lemma [6771 Hence H ^ G. We are done since (if, En E(H)) 
is even cycle decomposable by induction and (G \ E(H), E \ E(H)) is even cycle 
decomposable since it is bipartite. 

We now consider the second possibility that each of deg Gl (x), deg Gl (y), and 
deg Gi (z) is even. In this case we let (Gf ,E) be the signed graph obtained from 
(Gi, E) by adding three even edges e = xy, f — yz, and g = xz. Evidently, G^ is 
Eulerian, 2-connected and contains an even number of odd edges. 

We claim that (G^, E) is a minor of (G, E). First observe that G2 contains a cycle 
C as it is Eulerian. Since G2 contains no parallel edges, G is not a 2-cycle. Next 
notice that G has no proper 2-separation (ifi,i? 2 ) with V(H\) n V(H2) C V(G2) 
because G is almost 3-connected and G2 has no odd edges. By Menger's theorem, 
there are three vertex-disjoint paths from {x, y, z} to V(C). Now it is easy to obtain 
(Gi, E) as a minor of (G, E); we begin by contracting edges in those three paths. 
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By the minimality assumption, (G A , E) has an even cycle decomposition C A . If 
{^/i*?} £ C A , then (Gi,E) is even cycle decomposable. But (G2,0) is also even 
cycle decomposable since it is Eulerian and bipartite. Thus, (G, E) is even cycle 
decomposable. 

If e G Gi G C A and {/,.g} C G 2 G C A for Gi ^ G 2 , then it suffices to hnd 
two edge-disjoint x-y paths in G2, at least one of which avoids z. Since G2 is 2- 
connected, G — z is connected, so there does exist an rr-j/ path P in G2 that avoids 
z. But now the second path exists since x and y are the only odd degree vertices 
in G 2 \E(P). 

By symmetry, the only remaining possibility is if e, /, and g are in different 
cycles of C A . In this case it suffices to show that there are pairwise edge- 
disjoint paths Q x ,y,Qy,z, and Q x ,z, where Qij is an i-j-path in G2 such that 
\V{Qi,j) ("1 {x, y, z}\ — 2. We may assume that G 2 has no cycle containing x, y, 
and z, else we are done. Since G2 is 2-connected, G 2 has a cycle G containing 
y and z. Since G 2 has no cycles containing x, y, and z, there do not exist 
three vertex-disjoint paths from the neighbours of x in G2 to V(C). By Menger's 
theorem, there is a proper 2-separation (Hi,H 2 ) of G2 such that x G V (Hi)\V (H2) 
and y,z E V(C) C l/(iJ 2 ). Since i?i induces a 3-separation in G, we have that 
(-E'(-ffi)l < 3. In particular, x has degree 2 in f/i (and hence also in G2). Since G2 
is 2-connected, we can find two vertex-disjoint paths Q x>v and Q x>z . Note that in 
G2 \ E(Q Xt y U Q x ,z), y and z are the only vertices of odd degree and x is an isolated 
vertex. Thus, G2 \ E(Q x<y U Q XtZ ) has a path Q y , z from y to z avoiding 2. This 
completes the proof. □ 

We are now ready to prove our main theorem. 

Theorem ll.5l Every 2-connected Eulerian loopless odd-K^-minor free signed graph 
with an even number of odd edges is even cycle decomposable. 

Proof. Suppose that Theorem 11.51 is false. Let (G, E) be a counterexample with 
\E(G)\ minimum. By Lemma 16.01 there are at most two parallel edges between 
every pair of two vertices. Also, G has minimum degree at least 4, else we can 
suppress degree-2 vertices to obtain a smaller counterexample. 
By Theorem I3.2[ one of the following holds. 

(i) (G, E) is almost bipartite or planar with two odd faces. 

(ii) (G, E) has a 2-separation (Gi,G2) where each (Gi,E{Gi) D E) is connected 
and not a signed subgraph of K%. 

(iii) (G, E) has a 3-separation (Gi,G2) where (G2, E(G 2 ) H E) is bipartite, 
connected, and has at least 4 edges. 

By Propositions 14.21 and 15.11 (i) is not possible. Lemma T6.8I implies that (iii) is 
impossible. 

Thus (ii) holds and let (Gi, G2) be such a 2-separation. By Lemma IQl (Gi, G2) 
is an even separation. By Lemma 16.51 (G, E) is a Bermuda triangle. Let Bi, i?2, B3 
be a necklace decomposition of G with (B 2 , E(B 2 ) n E) = (B 3 ,E(B 3 ) n E) = K\. 
If B\ has only two vertices, then B\ is just two edges of the same sign, which 
contradicts Lemma \G. 61 So B\ is 2-connected. Since B\ contains an even number 
of odd edges, by the minimality assumption, B\ has an even cycle decomposition C. 

We first claim that G is 4-regular. Let u and v be the vertices in V(Bi)Pi(V(B2)U 
V(B 3 )). Choose a shortest chain of even cycles Gi, G2, . . ., Ck (k > 1) in C such 
that u G V(Ci), v G V{C k ) and V(G) n V{C l+1 ) ^ for alU G {1, 2, . . . , k - 1}. 
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Since this chain is shortest, V(Ci) fl V(Cj) = whenever j > i + 1. Let 
W = E{B X ) - U*=i E{d). If W is nonempty, then C - {C u C 2 , . . . , G fe } is an even 
cycle decomposition of (_Bi — Uj=i ^(Ci), W n £)• Moreover by the minimality 
assumption, the signed graph (Go, So) = (G — W,(E(G) — W) fl E) must have 
an even cycle decomposition V. Then (C — {Gi, G2, . . . , Gfc}) U I? is an even cycle 
decomposition of G, contradicting the assumption that (G, E) is a counterexample. 
Therefore W is empty and hence B\ = Ui=i C-t- Consequently, every vertex of G 
has degree at most 4 (and hence exactly 4). Since |V(Si)| > 2, we have k > 1 and 
it is not adjacent to v in G. 

Let (G', E') be the signed graph obtained from (G, E) by replacing each albatross 
with a K 2 . Since all albatrosses are vertex-disjoint by Lemma 1(01 (G', E') is well- 
defined. By applying Theorem 13.21 again we conclude that one of the following 
holds. 

(1) (G',E') is almost bipartite. 

(2) (G', E') is planar with two odd faces. 

(3) (G', E') has a 2-separation (G[,G 2 ) where each (G' i: £J(GQnE') is connected 
and not a signed subgraph of K 2 . 

(4) (G',E') has a 3-separation (G[,G' 2 ) where (G' 2 ,E(G' 2 ) n E') is bipartite, 
connected, and has at least 4 edges. 

By Lemma mil (G, E) is almost 3-connected, and hence (G', E') is 3-connected. 
Note that the degree-2 vertices of each albatross are not adjacent in G, since (G, E) 
is almost 3-connected. Thus by Lemma T6.61 (G', E') does not contain any parallel 
edges of the same sign. Therefore, (3) is impossible. 

We next exclude possibility (1). By re-signing, we may assume that there exists 
a vertex t e V(G') such that all edges of G' are even except possibly those incident 
with t. Since all albatrosses of (G, E) are vertex-disjoint, it follows that B 2 U B$ is 
the only albatross of (G, E), and that t G {u, v}. As G' is 4-regular and contains 
an odd number of odd edges, exactly 1 or 3 edges incident with t are odd. By 
re-signing in G and G' , we may assume that exactly one edge incident with t is 
odd. But this implies that (B\, E(B\) n E) is bipartite, and hence (G, E) is almost 
bipartite. By Proposition ^. 2\ (G, E) is even cycle decomposable, a contradiction. 

We next handle possibility (4). Let (G'^Gj) be such a 3-separation. Since 
(G' 2 , E(G 2 )' fl£') is bipartite, it evidently cannot contain any K 2 subgraphs. Thus, 
by uncontracting, we obtain a 3-separation (Gi, G 2 ) of (G, E) where (G 2 ,E(G 2 )tlT,) 
is bipartite, connected, and has at least 4 edges. This is impossible by Lemma f6~8l 

We finish by ruling out possibility (2). We again avoid using Theorem ll.2l to keep 
our proof self-contained. Consider a fixed planar embedding of (G', E') with at most 
two odd faces. Note that each K 2 must bound a face of (G', E'), else its two vertices 
would form a vertex-cut of size two. Since (G',E') contains no parallel edges of 
the same sign, it follows that G 1 contains at most two pairs of parallel edges. We 
claim (G', E') has a bipartite Eulerian signed subgraph (fT, E' n E{H')) such that 
E(H') ^ and G' \ E(H') is 2-connected after removing isolated vertices. We can 
then lift (£T,E'n £(#')) to a bipartite Eulerian subgraph (H,EDE(H)) of (G,E), 
since an albatross has both an even path and an odd path between its degree-2 
vertices. Note that G\E(H) is 2-connected after removing isolating vertices, since 
G' \ E(H') is 2-connected after removing isolated vertices. By Lemma l3T| H (and 
hence G \ E{H)) has an even number of odd edges. We are then finished since 
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(G \ E(H), £ \ E{H)) is even cycle decomposable by induction. We now proceed 
to show that such an H' exists. 

Recall that u and v are the vertices of a contracted albatross in (G',£'). Let 
F and F' be the two faces adjacent to the odd face given by u and v. We may 
assume F is the outer face and even. Let G be the boundary cycle of F. Let 
G" = G' \ E(C), and {Gi,...,Gfc} be its set of blocks. We may assume k > 2, 
else let H' — C. Note that each Gi is an Eulerian plane subgraph of G', and is 
2-connected unless it is a Iff. We may further assume at least one Gi, say G±, is 
non-bipartite else let H' = G". 

Since each (Gi,£' n E(Gi)) inherits all of its finite faces from (G',£'), and G 
contains an edge from a finite odd face of (G', £'), there is at most one finite odd face 
left in (G", £' n E {&')). Therefore, for i > 2, every finite face of H 
is even and hence (Gj,£' n E(Gi)) is bipartite. We may assume for i > 2, 
(Gi, £' n E(Gi)) is an even cycle of length at least three, else let H' ~ Gi \ E(Ci) 
where d is the boundary cycle of the outer face of G, . 

Since G' is 3-connected, every face of G' is bounded by a non-separating chordless 
cycle. Moreover Gi has an odd finite face and therefore no edge of G has a parallel 
edge except the edge joining u and v. As G is non-separating, G" is connected, so 
its block graph T is a tree. Let Gi be a leaf in T for some i ^ 1. Let a; be the cut 
vertex of G" belonging to G^. Since Gi is a cycle, every vertex in V(Gi) \ {x} must 
belong to G because G' is 4-regular. Since G is chordless, every edge of Gi — x must 
have endpoints u and v. In particular, Gi must be a triangle and Gi is the only 
leaf in {G2, ...,(?&}. Thus, T is a path with leaves Gi and G^. We re-label so that 
the Gj's are labelled according to their order in T. Let w be the cut-vertex of G" 
belonging to G\ . 

Suppose (Gi, E'n£'(Gi)) ^ K$. Since Gi has at least three vertices and G' is 3- 
connected, Gi must share at least two vertices with G, otherwise (V(Gi) n ^(G)) U 
{w} is a vertex-cut in G' of size at most two. Therefore G\ U G is 2-connected, see 
Figured] We are done since we may take H' = G% U ... U Gfc. 

So we may assume (Gi, E'n^(Gi)) = • Since the two cut-vertices of G" in G2 
cannot be a vertex-cut in G' , G2 shares at least one vertex y with G. Also, y =/= w, 
since G' is 4-regular. Hence, Gi UG2 UG has an ear decomposition starting from G2 
(see Figure[5|), and is thus 2-connected. We are finished by letting H' — G3U...UG/C 
unless k = 2. If k = 2, then (Gi,E' n E(Gi)) = K\ and G 2 and G are triangles. 
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Hence G' is obtained from K4 by doubling a pair of independent edges. Since each 
set of parallel edges is a iff, there is an even 4-cycle which passes through both sets 
of parallel edges. Let H' be such an even 4-cycle. We are done since G' \ E(H') is 
just a 4-cycle and evidently 2-connected. □ 
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